By using a non-local, quantum mechanical response function we study graphene plasmons in a one-dimensional superlattice (SL) potential V0 cos G0x. The SL introduces a quantum energy scale EG ∼ vF G0 associated to electronic sub-band transitions. At energies lower than EG, the plasmon dispersion is highly anisotropic; plasmons propagate perpendicularly to the SL axis, but become damped by electronic transitions along the SL direction. These results question the validity of semiclassical approximations for describing low energy plasmons in periodic structures. At higher energies, the dispersion becomes isotropic and Drude-like with effective Drude weights related to the average of the absolute value of the local chemical potential. Full quantum mechanical treatment of the kinetic energy thus introduces non-local effects that delocalize the plasmons in the SL, making the system behave as a meta-material even near singular points where the charge density vanishes.
Introduction. Graphene plasmons 1-3 have attracted much attention due to their long propagation lengths, 4 strong confinement, 5 and high gate and frequency tunability. [6] [7] [8] [9] [10] [11] [12] [13] [14] Plasmons in pristine graphene are well-described by the random-phaseapproximation, [15] [16] [17] and in the long wavelength limit, the dispersion reads
where D is the Drude weight, q the wave vector and the dielectric constant of the surrounding medium. Eq. (1) can be derived from a hydrodynamic approach and thus holds for all twodimensional (2D) systems. 18 For graphene and also for parabolic bands, 19 D → D 0 = e 2 2 |E F | π , thus in Dirac systems the plasmon frequency depends on the carrier density as n 1/4 . 17, [20] [21] [22] Exciting plasmons by incident radiation is not possible in pristine graphene because plasmons are strongly confined and energy and momentum conservation prevents their coupling. The coupling can be achieved, though, by superimposing a superlattice (SL) on graphene via external or thermal grating, 5, 23, 24 patterning, 25, 26 or growing graphene on vecinal surfaces. 27 The SL periodicity induces a folding of the plasmon dispersion, and plasmon sub-bands appear in the SL Brillouin zone. At the center of the Brillouin zone, the second plasmon sub-band has its origin in the folding of unperturbed plasmonic modes with momentum ±G 0 , where G 0 is the SL reciprocal lattice vector. This plasmon, of finite energy, at the center of Brillouin zone is inside the light cone and can couple to incident light.
Graphene plasmons in a SL are conventionally discussed within a semiclassical (SC) and local approximation that assumes that the system responds solely to local external fields at each point in space. 6, [28] [29] [30] [31] [32] [33] This approach is equivalent to assuming that the optical conductivity at each point in space is determined by the Fermi energy at that point which in turn is obtained from the local charge density using the Thomas-Fermi approximation, σ(r) = σ L (E F [n(r)]). In these calculations, the main effect of the optical conductivity modulation is the localization of plasmons in the regions of smaller conductivity. Recently, it has been estimated by SC approximations that nonlocal effects are important near regions in which the optical conductivity is strongly suppressed. 34 However, those are the regions where SC approximations are expected to break down, making it necessary to develop a fully quantum-mechanical (QM) approach.
In this Letter, we study the collective excitations of graphene in the presence of a one dimensional superlattice potential V (x)=V 0 cos G 0 x within the linear random phase approximation that includes non-local and quantum-mechanical effects. Our main results can be summarize by the following points: i) absence of Klein tunneling for the motion of plasmons; ii) at low frequencies, plasmons moving along the SL axis are damped by electronic arXiv:1912.05195v1 [cond-mat.mes-hall] 11 Dec 2019 SL sub-band excitations; iii) near singular points, non-local effects associated to electron kinetic energy delocalizes the plasmons in the SL unit cell and make the system behave as a meta-material; iv) plasmonic excitations in modulated graphene can be related to an effective Drude weight even for vanishing charge density.
Hamiltonian. The massless Dirac Hamiltonian for one valley and one spin-projection in the presence of an external potential is given by
where σ x and σ y are the Pauli matrices, v F is the Fermi velocity, I is the identity matrix. The period, L = 2π/G 0 , will mostly be fixed by L = 600a being a=2.46Å, leading to a scale E G = v F G 0 ∼ 25meV which is related to the SL interband electronic transitions. For details on the band-structure and further discussion, see the Supplementary Material (SM). 35 Plasmonic response. Plasmonic excitations are the response to an infinitesimal external potential with wave number q. However, the induced charge density contains not only the incoming mode q, but all higher harmonics q + G with G = nG 0 . The SL potential defines a reduced Brillouin zone where the plasmon sub-bands are defined. The optical conductivity in the ν-direction thus becomes a matrix of the form σ νν G,G (q, ω), and the following discussion is based on the energy loss obtained from the largest eigenvalues of the dielectric response and their respective eigenvectors. See SM for how these quantities are computed. 35 Another quantity of interest will be the Drude weight, which is the static limit of the reactive conductivity, and thus related to electronic intraband transitions. The conductivity has also contributions from electronic interband transitions and plasmons are often characterised by the electronic transitions they are composed of. 36, 37 In pristine graphene, plasmons are usually Drude-like and have no contributions from the interband conductivity. However, a SL potential creates both low energy electronic sub-bands and spectral weight transfer from electronic intraband to electronic interband transitions. This is a QM effect that is not included in SC calculations, in which the electronic sub-bands of the SL are not taken into account and all the plasmons are intraband-like.
In the following we will consider two regimes. First, we fix the Fermi energy to E F =0.1eV (E F E G ) and then vary the superlattice potential V 0 from zero (uniform limit) up to E F where the electron density becomes zero at discrete locations, so-called singular points. 34 By this, we analyze how the collective excitations change as the system becomes more and more inhomogeneous. Sec- ond, we analyze a system with average zero density (E F E G ) where the SL potential creates alternating p-and n-doped regions. In each of these regimes, we will analyze the dispersion of the first plasmonic sub-band and the plasmonic resonance that appears in the second sub-band at the center of the Brillouin zone. This zero momentum plasmon can be probed in optical transmittance and reflectance measurements.
Finite E F : First plasmonic sub-band. Let us first discuss the loss function for collective excitations with momentum q y . We observe a well-defined low energy branch that disperses as D0 2 0 q y with the same Drude weight as obtained from pristine graphene, see Fig. 10 (b). This part agrees with the SC approximation.
On the contrary, the Drude weight in the direction of the superlattice is reduced for increasing V 0 , see Fig. 2 in SM, 35 due to transfer of spectral weight from interband to intraband transitions. This is also manifested in the loss function which is shown on the left column of Fig. 9 for various amplitudes V 0 /E F . Increasing the modulation V 0 renders the plasmons ill-defined below an energy threshold which we identify as E G .
A large dissipative plasmonic response at low energies is also seen in metallic structures with nanogap features. 38, 39 However, the Q-local and semi-classical Thomas-Fermi approximations fail to predict this threshold energy E G , as shown in the centre and right panels of Fig.9 .
The vanishing of the loss function is the result of new decay channels that develop due to electronic band-folding that allows for electron-hole transitions at energies ω E G . An equivalent view point is that umklapp processes scatter the plasmonic excitations with q ∼ 0 into the particle-hole continuum of intraband transitions where they decay due to strong Landau damping. This is only possible for ω E G and a purely non-local and quantum-mechanical effect since plasmonic band folding is only encoded in σ νν G,G with G = 0. It is thus even absent in the quantum-local (Q-local) approximation σ νν G,G → σ νν G−G ,0 . For energies E E G , the loss function becomes isotropic, Fig.  10 (a)-(b), and displays a well-defined Drude-like dispersion, with a Drude weight value equal to the intraband Drude weight in the y-direction.
Remarkably, the anisotropy in the plasmon dispersion is opposite to that occurring in the electronic band structure of the SL, 35, [40] [41] [42] [43] [44] where, due to Klein tunneling the velocity of the electrons moving along the SL axis is not modified, whereas it is strongly reduced in the perpendicular direction. The reason is that plasmons are collective excitations which even if characterised by a wave vector parallel to the superlattice are composed by electrons and holes moving in a range of directions. Plasmons are thus hardly affected by the Klein paradox.
Finite E F : Second plasmonic sub-band.
In Fig.10 (a)-(b), we plot the energy loss function at the center of the Brillouin zone for a SL with V 0 = E F /2. In fact, the loss function presents a double peak structure, see inset of Fig. 10(a) , which widens and becomes less intense for increasing V 0 . The double peak structure reflects the folding onto q=0 of two states with momentum ±G 0 . These states interact between them presenting a small energy splitting proportional to V 0 , as can be seen in Fig.5 in SM. 35 The modes in the second plasmon sub-band have a strong contribution from electronic interband transitions generated by the SL potential. This contribution increases as the SL perturbation V 0 increases. Nevertheless, the energy of the second plasmonic sub-band is very close to ω p (G 0 ), i.e. related to the Drude weight evaluated at the Fermi 
FIG. 2. Quantum non-local energy loss as function of (a) qx and (b) qy for a SL of period L = 600a, Fermi energy EF = 0.1eV and amplitude V0=0.05eV. In the inset of panel (a) we plot the energy loss for q=0. Panel (c) shows the real (full lines) and imaginary (dashed lines) part of the electric fields, respectively, of the two strongest sub-band dielectric eigenmodes at q=0. In panel (d), we plot the same as in panel (c), but for the eigenmodes obtained in the Q-local approximation.
energy. The energy difference with respect to Eq.
(1) can be explained by non-local effects of the conductivity, 15,17 see SM. 35 In Fig. 10 (c), we plot thex-component of the electric field corresponding to the two eigenmodes that appear in the inset of Fig. 10 (a). The electric fields have the form of sine and cosine functions and thus correspond to the combination of the folded states with momentum ±G 0 . The length scale of the interband plasmons is given by the period of the superlattice, i.e., L ∼ 1/G 0 , and are thus not confined. In Fig. 10(d) , we plot the electric fields corresponding to the double peaks that appear in the Q-local approximation. Again, the two dielectric modes correspond to even and odd functions, but the electric fields are localized in the region of low density as the SC local approximation also predicts. 34 Hence, non-local effects allow plasmons to explore all spatial regions and become extended over the whole system, making the SL behave as a metamaterial even in presence of singular points where the electron density vanishes. This contrasts with the results obtained in local approximations (both SC and quantum) which are especially drastic near singular points. E F =0: Neutral plasmons. For neutral graphene, we have D 0 = 0 at zero temperature, signaling the lack of plasmons. However, at finite temperature there is an effective Drude weight and plasmons can be defined. [45] [46] [47] In this work, we show that in neutral, but modulated graphene, band-folding leads to the appearance of plasmon sub-bands for V 0 E G . Since for undoped samples, electron-hole symmetry with respect to the chemical potential implies that the system responds just to the absolute value of the SL potential, there is a halving of the periodicity of the modulation, shown to be an exact symmetry in the SM. 35 Therefore, the electronic sub-band energy scale is in this case related to E G → 2 v F G 0 . In the first plasmonic sub-band, the dispersion shows a strong anisotropy: as in the case of finite doping, we find a plasmonic gap in x-direction, whereas unperturbed intraband plasmons in y-direction, see Fig. 4 in SM. 35 In the center of the Brillouin zone, we find that for large values of the modulation V 0 , there exits a peak in the loss function that indicates the existence of well defined plasmonic resonances, see Fig.  8 of the SM. 35 When decreasing V 0 , the energy of the plasmon is red shifted, the peak broadens and a continuous background appears at high energies, eventually signalling the absence of plasmons. In Fig. 12 , we plot the energy of this resonance as function of the folded momentum 2G 0 in units of the effective Fermi energy E F = 2 π V 0 and effective Fermi wavevector k F = E F v F , respectively. The red dots thus correspond to peak positions for different values of V 0 and follow the Drude dispersion of pristine graphene of Eq.(1) evaluated at E F (blue dashed line).
The same behaviour can be seen for different periodicities L = 900a (magenta dots) and L = 300a (green dots) which demonstrates that electronic interband transitions in fact mimic an effective classical Drude weight D ∼ V 0 . However, as shown in the inset of Fig. 12 , the effective classical Drude weight is red-shifted by quantum effects associated to interband transitions and are related to E G . For a more detailed discussion, see SM. 35 .
We finally note that one-dimensional edge plasmons with an unusual q 1/4 -dispersion 48 have been predicted to exist at the interface of a p−n junction which show an unusual q 1/4 -dispersion. 48 We do not observe this effect, because their existence relies on a wavelength which is larger than the width of the junction, while here we have addressed the opposite limit.
Summary of different Drude regimes. As noted above, the zero momentum finite energy plasmonic excitations can be described by Eq. (1), albeit with an effective wavenumber G and effective Drude weight D. The actual values depend on the ratio between the Fermi energy E F , the modulation V 0 , and the quantum electronic sub-band energy E G = v F G. For E F > V 0 , the wavevector G coincides with the SL reciprocal lattice vector G 0 whereas for E F V 0 , a periodicity halving occurs 49 and the relevant wavevector is G = 2G 0 .
The different Drude regimes are illustrated in Fig. 4 and defined in the following way:
(i) For ω < E G , the Drude weight in the νdirection is given by 50 D ν = lim ω→0 ωImσ νν G=0,G=0 (q = 0, ω) .
In the limit V 0 → E F , the Drude weight becomes highly anisotropic and the plasmons ill-defined in the direction parallel to the SL, D x ∼ 0.
(ii) For ω > E G , the isotropic Drude weight is given by
where average over one unit cell of the superlattice is implied. Moreover, the plasmon dispersion is isotropic, D ∼ D x ∼ D y and the Drude weight agrees well with Eq. (3) inŷ-direction. For E F E G , a red-shift ∼ E G needs to be included in Eq. (4), see inset of Fig. 12 .
Conclusions.
We have analyzed the plasmonic properties of graphene dressed by a onedimensional superlattice potential. Even though the superlattice potential leads to the emergence of 4 . Schematic map of the Drude weights for EF EG and EF EG. All lines indicate crossover behaviour. We assume electron doping with EF > 0 and non-local or lattice corrections are not included. multiple electronic sub-bands, the character of the plasmonic excitations is not changed, i.e., they remain Drude-like charge-density oscillations where only the charge stiffness enters as effective parameter. In contrast to what both SC and Q-local approximations predict, only minor corrections related to V 0 are observed when the modulation potential reaches the singular-point regime, V 0 ∼ E F . In the case of a neutral SL formed by periodically alternating n-and p-doped regions, we observe a halving of the periodicity, indicating that plasmons are insensitive to the sign of its carries, in agreement with exact results. 35 More interestingly, we again find Drude-like behaviour of the sub-band resonances related to ω p (2G 0 ).
We find that quantum electronic inter sub-band transitions damp the propagation of plasmon excitations along the SL axis, questioning the use of semiclassical calculations for this low frequency regime. In the case of plasmons with wavelengths of the order of the SL period, non-local effects reflected by the wave-nature of the electrons delocalize the plasmons in the SL unit cell, making it possible to describe the system as meta-material.
Finally, let us point out that the collective excitations show an opposite behaviour to that of single-particle Dirac excitations, i.e., plasmons are largely unaffected by the superlattice in direction perpendicular to the modulation, but strongly modified in parallel direction. Klein tunnelling thus has no or very little effect on the plasmon propagation, contrary to several claims in the literature.
We consider the period of the superlattice to be much larger than the lattice parameter a = 2.46Å of graphene and the amplitude of the perturbation V 0 much smaller than the energy bandwidth of the graphene p z -orbitals. For these conditions and for a single valley and a given spin orientation, the low energy electronic properties are well described by the massless Dirac Hamiltonian in the presence of an external potential,
where σ x and σ y are the Pauli matrices, v F is the Fermi velocity, I is the identity matrix, and V (x)=V 0 cos G 0 x is the SL potential. G 0 = 2π/L is the reciprocal lattice vector and we mainly choose a periodicity of L = 600a in this work. However, to consolidate our results, we will sometimes also consider periodicities of L = 300a and L = 900a. The Hamiltonian acts on spinors whose components represent the amplitude on the two triangular lattices that form the graphene honeycomb lattice. The eigenstates of the system are characterized by a band index and the momentum k = (k x , k y ) with k x restricted to the first Brillouin zone.
Because of their chiral nature, the carriers in this system show an unexpected high anisotropic behavior, see Fig. 5 . At the Dirac point, the group velocity is extremely reduced in the direction perpendicular to the superlattice direction, whereas it is unchanged along the superlattice 40, 41 . This anisotropy translates also in a high anisotropy of the electronic transport 42, 43 . Let us emphasise that superlattice potentials can be used for manipulating graphene's band structure. In particular, they can be designed to manipulate the number of zero energy modes 44, 51 . We will find that the renormalization of the velocity of the electrons in the direction perpendicular to the SL axis does not affect the dispersion of the intraband plasmons in that direction, i.e., plasmons with q y will follow a typical Drude-like dispersion relation. The opposite occurs in the direction parallel to the SL axis, i.e., the plasmons with q x at low energies are slowed down even though the velocity of the electrons is not modified by the perturbation.
We conclude that the Klein paradox does hardly affect the motion of the plasmon, mainly because plasmons are collective charge oscillations composed of multiple particle-hole pairs c † k+q c k . The chirality of the electronic wave function is thus averaged out by summing over all directions of k similar to pristine graphene and two-dimensional topological surface states in Bi 2 Se 3 . For a more explicit discussion, see Ref. 52 .
II. DRUDE PLASMONS
Plasmons are collective density oscillations present in almost all electronic systems. They are most easily described by a hydrodynamic approach based on the continuity equation and linear response
Note that we assumed that σ(ω) was isotropic and did not have any spatial dependence. With the Fourier transform of the electrostatic potential, φ(r) = φ q e ıq·r , and the Poisson equation φ q = v q ρ q with the Coulomb propagator v q , we can write the above equation as
In the absence of dissipation, collective density oscillations are thus defined by the dispersion relation ω p =Imσ(ω)v2 which holds for all dimensions. This approximation is sometimes labeled as local homogeneous.
The imaginary part is usually well approximated by Imσ(ω) = D ω where D is the Drude weight. The Drude weight can be obtained of general isotropic systems with electronic dispersion relation E(k) ∼ |k| ν on the same footing. For low temperature, this yields 19
with g s , g v , the spin-and valley degeneracies, respectively. Note that this gives the same Drude weight for 2D parabolic bands (g v = 1 and ν = 2) and graphene (g v = 2 and ν = 1).
With the 2D Coulomb interaction v q = e 2 2ε0 q and the relative dielectric constant, the plasmon dispersion for a general 2D system in the local approximation is thus given by
with the characteristic square-root dispersion. For graphene on the interface of two different dielectric media, one further has = ( 1 + 2 )/2.
III. OPTICAL CONDUCTIVITY AND LOSS FUNCTION IN A PERIODIC SYSTEM
In a periodic system, the response to an external momentum q involves all reciprocal lattice vectors q + G. Within the mean field approximation, the longitudinal dielectric matrix has the form 53
where G = nG 0 , being n an integer, v(q)= e 2 2 0 q is the Coulomb interaction in two-dimensions and σ νν (q + G, q + G ; ω) is the dynamical optical conductivity of the system in the ν-direction.
A. Optical conductivity
For non-interacting particles, the optical conductivity is obtained from the Kubo formula and one gets the expression
In this expression, |i > and E i are the eigenvectors and eigenvalues of the one-electron Hamiltonian Eq. (5), respectively, n F is the Fermi occupation function, and η represents the quasiparticle lifetime broadening. The index i represents the quantum number of the eigenstate including momentum, band index, and spin. Finally,v ν =v F σ ν is the velocity operator in the direction ν associated to the Hamiltonian of Eq. (5). The nonzero off-diagonal elements in Eq. (11) are due to the spatial modulations of the carriers produced by the superlattice periodic potential, whereas the finite diagonal terms with G = 0 correspond to non-local corrections. The superlattice potential makes the system anisotropic inducing σ xx = σ yy .
For our numerical calculations, we need to limit ourselves to a maximal reciprocal lattice vector and we mainly choose G max /G 0 =30. We have checked that this plane wave cutoff provides accurate convergency by comparing our results with G max /G 0 =40. We further set η = 0.002eV.
B. Loss function
The collective charge density excitations (plasmons) are given by the zeros of the real part of the dielectric constant, Eq. (10). For a given wave-vector and frequency, the eigenstates φ n (r) associated to the eigenvalues n (q, ω) represent all different dielectric eigenmodes of the system that are orthogonal and electrodynamically decoupled. 54, 55 The eigenmodes, φ n , have in general an imaginary part that indicates the changes in the phase of the plasmonic electrical potential due to the spatial variation of the optical conductivity 56 . Also, the eigenvalues n (q, ω) are complex numbers, and in this case the imaginary part represents the collective excitation broadening. If the imaginary part of the dielectric eigenmodes does not vary too much near the charge density excitation, the condition for the existence of a plasmon is more accurately defined by the condition that the quantity −Im 1 n (q,ω) shows a local maximum. The number of eigenvalues of Eq. (10) is given by the number of plane waves included in the calculation. From all the dielectric modes, we choose the eigenvalue n 0 with the largest values of −Im 1 n (q,ω) 56, 57 . For a given wavevector q, frequency ω, and n 0 ≡ n 0 (q, ω), we thus define the loss function as
IV. DRUDE WEIGHT IN MODULATED SYSTEMS
The optical conductivity contains both superlattice intra-and interband contributions and can be written as
where in σ the intraband contributions are omitted. D ν is the Drude weight in the ν-direction. Notice that in the presence of a superlattice potential, the interband contribution includes both the intercone electronic transitions and the transitions generated by the new periodicity. In order to calculate the complex optical conductivity, the simplest way is often to first compute its real part and then to obtain the imaginary part by making use of the Kramers Kronig relations. In Dirac Hamiltonians, the bands are linear in the momentum and extend up to infinity. This, together with the chiral character of the eigenstates, leads to a finite value of the real part of the conductivity at large frequencies. For undoped homogeneous graphene, the real part of the optical conductivity reads
The contribution at high frequencies leads to a divergence of the imaginary part of the optical conductivity if computed through the Kramers-Kronig relation. We avoid this divergence following the procedure of ultraviolet field theories and define the imaginary part relative to this divergent contribution, 50, 58 Imσ
With this procedure, we obtain the following expression for the Drude weight:
where σ 0 = 1 4 e 2 denotes the universal conductivity of neutral graphene in the local limit. We note that this expression is numerically more stable than the equivalent definition
The definition of Eq. (16) assures that the Drude weight or charge stiffness is zero for undoped, homogeneous graphene as it must. With Λ denoting the (large) energy cutoff, this also yields the f -sum rule generally valid for Dirac systems,
For isotropic Dirac systems, we have
B. Drude weight of a SL at finite charge density
In Fig. 6 , we plot the Drude weights in thex-andŷ-direction as obtained from Eq. (16) for E F =0.1eV as function of the SL potential, V 0 . We plot the Drude weight in units of D 0 = e 2 2 E F π that corresponds to the Drude weight of a uniform system with the same Fermi energy, Eq. (19) . In the direction perpendicular to the SL axis, the Drude weight is practically unaffected by the perturbation, indicating that in this direction the low energy intraband plasmons are not altered by the SL.
On the contrary, the Drude weight in the direction of the superlattice is reduced with respect to the value of pristine graphene, D 0 . This reduction increases with V 0 and has its origin in the transfer of spectral weight from low energy electronic interband transitions to higher energy electronic intraband transition allowed by the periodicity of the SL potential, also seen in twisted bilayer graphene. 50 The intensity of the low energy intraband plasmon along the SL axis is very weak and a strong reduction of spectral weight is seen in the loss function presented in Fig. 1 of the main text.
C. Drude weight and loss function of a SL at zero charge density
In a neutral system, the charge density is zero and in a homogeneous system the compressibility or charge stiffness must be zero as well. Still, in a neutral, but modulated system the Drude weight can become finite in the direction perpendicular to the SL potential. Interestingly, this happens only beyond x is the direction of the SL axis andŷ is the perpendicular direction. The Fermi energy is zero (EF =0) and the period of the superlattice is L=600a (blue symbols). The Drude weight corresponding to EF = 2 π V0 of a homogeneous system, i.e., D0= e 2 2 E F π , is shown as dashed line. For comparison, also the Drude weight for L = 900a is shown for some SL potentials V0 (green symbols). All Drude weights are in units of e 2 2 eV.
a critical modulation V * = E 2G , the energy scale that defines umklapp processes just as in the doped case.
For V 0 > V * , the Drude weight is proportional to the effective Fermi energy E F = 2 π V 0 , see Fig. 7 :
In thex-direction, the Drude weight is zero indicating a gap in the plasmonic spectrum. We also observe spikes at certain values of V 0 which coincide with the zeros of the Fermi velocity as shown in Fig.  5 , where the Drude weight defined as inverse mass would formally diverge.
The discussion of the Drude weight at charge neutrality needs to be complemented by a discussion of the energy loss at low frequencies, i.e., below the energy of the second plasmonic sub-band. In Fig. 8 , we show the energy loss function for SL potentials with various periods L/a=300,600,900 in thex (left) andŷ (right) direction.
In thex-direction, we observe a plasmonic gap that scales with E 2G and we associate this to the opening of new emerging decay channels due to the superlattice. Another view point is that umklapp processes with energy E 2G scatter the plasmonic excitations with q ∼ 0 into the particle-hole continuum of intraband transitions. We also observe a sub-gap plasmonic band with less intensity, most clearly developed for L = 600a.
In theŷ-direction, there is no gap in the plasmonic band and a decrease of the spectral weight can be observed when increasing G (note the different colour scale in the case of L = 300a). This is consistent with the energy loss of a dissiplationless Drude system reflecting the decrease of the Drude weight by E 2G :
with the plasmonic energy given in Eq. (9) . 
FIG. 8. Energy loss function at EF = 0 and V0 = 0.2eV for a SL potential with various periods L/a=300,600,900 in thex-(left) andŷ-direction (right).
V. LOCAL APPROXIMATIONS
Local approximations to the full linear response are widely used in the literature. Here, we summarise two approximations: the quantum mechanical, but local response (Q-local) and the semiclassical Thomas-Fermi approach.
A. Q-local conductivity
The optical conductivity tensor σ(r, r ) encodes the linear response of the electric current density to the electric field E(r) via J(r) = dr σ(r, r )E(r ) .
Te simplify notation, we have neglected the frequency dependence. In reciprocal space, the previous relation reads
with S being the sample dimension and the Fourier transform defined as σ(q, q ) = dr dr e iqr e −iq r σ(r, r ) .
The local approximation assumes that the electrical current at point r only depends on the value of the electric fields at points r =r + R near r, i.e., for values of R near zero. Then, making an expansion for R →0 which is valid assuming that σ is strongly peaked around R = 0, we get
Restoring the notation of the main text, we thus have
B. Semiclassical local approach
The plasmon dispersion of a graphene sheet with a spatial modulation of the Drude weight has be obtained within a local response formalism 6, [28] [29] [30] [31] [32] [33] . Let us here recall the basic steps to make the discussion self-contained. The relation of the local approach to microscopic calculations is also elucidated.
Local Drude response
We assume a metallic sheet with a spatially modulated Drude response D(r) so that the electron current obeys
where E = −∇φ is the electric field derived from the potential φ. 
We consider a periodic modulation
where the sum runs over all reciprocal lattice vectors of the periodic structure. Writing the potential in Bloch-like form
and making use of the relation between Fourier components of charge and potential, ρ q = 2 0 (q · q) 1/2 φ q , the following generalized eigenvalue equation is obtained
where |q + G| = [(q + G) · (q + G)] 1/2 and implied summation over repeated G . The matrix M is given by
Using the transformationã G = S G,G a G , where S G,G = |q + G| 1/2 δ G,G , Eq. (31) can be cast in the traditional eigenvalue form:
withM
For a one-dimensional modulation along the x-direction of period a one has
with G 0 = 2π L and d n = d * −n . Using dimensionless variablesq x,y = qx,y Q0 ,d n = dn d0 andω = ω ω0 , with ω 2 0 = d0 G0 2 0 , the eigenvalue equation reads ω 2 δ n,n ã n =M n,n ã n ,
withM n,n = (n +q x )(n +q x ) +q 2 y [(n +q x ) 2 +q 2 y ] 1/4 [(n +q x ) 2 +q 2 y ] 1/4d n−n .
The metal properties are contained in the coefficientsd n . Notice that, if one assumes just one offdiagonal term treated as a perturbation (d n=±1 << 1), the plasmon frequencies for q x,y = 0 do not change to lowest order. In this limit, such plasmon frequencies are those of a homogeneous metal with the averaged Drude weight (d 0 ) for the wave-vector nG 0 , with n = 0, ±1, ±2..., though of course, they necessarily appear as zone-folded at the center of the Brillouin zone.
For graphene, assuming the modulation parameterized by k F (x), the (local) Fermi wavevector,
the coefficientsd n can be obtained under the assumption that the proportionality between Drude and Fermi wavevector also holds locally, again a kind of second instance of local approximation,
Notice that the Drude weight of homogeneous graphene does not depend on the sign of carriers. Therefore, a spatial modulation in k F (x) of period a in undoped graphene will imply a modulation in D(x) of period a/2.
Relation to Microscopic Calculation.
The basic ingredient of a calculationà la RPA is the charge response of the non-interacting microscopic Hamiltonian to a potential (bubble). Writing the potential as
and the charge response as
then
where χ o G,G corresponds to the usual non-interacting bubble calculation. The charge response is related to the conductivity used in the numerical calculations by
. As the tenet of the RPA approximation is that χ o is also the response of the real system (with Coulomb interaction) to the total potential (external plus Coulomb induced), then it can be obtained directly from Eq. (31) and Eq. (32) as
In order to understand the meaning of Eq. (43), let us consider the case of a metal without modulation, where only d 0 survives. One then has that Eq. (43) is equivalent to the charge-conservation requirement between charge and current responses,
provided we identify d 0 with the current correlation. This is precisely the meaning of the Drude weight, of course, understood as valid in the present context within the metallic limit:
Eq. (43) also allows us to understand the limits of the present local approach as compared with the full microscopic calculation. For instance, if one wished to extract the d n from Eq. (43), they would end up being complex functions of (q, ω), whereas in the local approach they are just (real, for x-even modulation) constants. Furthermore, d n in the local approach is the same number for all processes where the momentum changes by nG 0 whereas in the full calculation, χ o G,G need not depend only on the difference G − G .
On the other hand, the local approach seems to easily capture features such as the role of the average Drude weight and the periodicity halving for neutral graphene.
Semiclassical Thomas-Fermi conductivity
The semiclassical Thomas-Fermi approach assumes that the system is slowly varying on the scale of the inverse Fermi wavenumber k F = E F v F . The system can then be described by a locally well-defined Fermi energy. Furthermore, at low energies and long distances, graphene can be considered homogeneous and isotropic. Its electronic properties are then well described by the Dirac equation and its response can be calculated analytically. In the local approximation, q=0, the optical conductivity of graphene depends only on frequency and on the Fermi energy with respect to the Dirac point and has the form 36, 37 
where σ 0 = 1 4 e 2 . The optical conductivity at each point in space is now determined by the Fermi energy at that point, which in turn is obtained from the local charge density n = k 2 F π using the Thomas-Fermi approximation σ(r) = σ(ω, E F [n(r)]) .
VI. PERIOD HALVING IN MODULATED NEUTRAL GRAPHENE
Here, we show that period halving is an exact symmetry for the charge response of neutral graphene for a large class of potential modulations. The general electron-hole symmetry of the response for any modulation is also presented.
A. Period halving
Period halving is explained quite naturally for modulated neutral graphene in the local approach. This strongly suggests that it is an exact result. Here we show that this is the case for a general potential,
Writing the Hamiltonian as
where H 0 corresponds to unperturbed graphene, and making use of the unitary transformation
where σ z is the pseudospin Pauli matrix and P x is the momentum operator, H transforms as,
The transformation U implements a half-period translation plus B-sublattice negation. 
and making use of the following transformation property for the Fourier components of the charge density,
together with
where we have explicited the µ dependence of Fermi factors, then one easily arrives at the following symmetry of the charge-charge response,
where time reversal symmetry has been also invoked. Notice that in Eq. (56), one compares the response of the modulated graphene Hamiltonian, Eq. (50), at opposite chemical potentials, ±µ. For neutral graphene one has µ = −µ = 0 and, therefore, all odd terms vanish:
This is the statement of period halving at charge neutrality for modulations of complying with Eq. 49, valid at any temperature.
B. General electron-hole response symmetry
Using the above procedure but now for the transformation U = σ z , one can show that At the center of the Brillouin zone, q=0, the energy loss function shows strong peaks at finite energy. These modes correspond to electronic interband transitions that appear when the SL potential mixes electronic eigenstates states of the unperturbed graphene sheet with momentum nG 0 . For moderate values of V 0 , the perturbation is rather weak and the q = 0 second sub-band plasmon should have an energy close to ω p (G 0 ), with ω p given in Eq. (1) of the main text.
In Fig. 9(a) , we plot the energy loss function at the center of the Brillouin zone for a SL with period L=600a, different values of V 0 and doping level of E F =0.1eV. For all values of V 0 , there is a double peak structure that becomes wider and less intense for increasing V 0 . Interestingly, the plasmonic resonance is even noticeable for V 0 =E F , for which there are points in space where the charge density becomes zero. At these so-called singular points, the semiclassical approximation breaks down.
In Fig. 9(b) , we plot the energy loss function as obtained using the quantum local approximation for the optical conductivity of Eq. (26) . In this approach and for weak values of V 0 , there are several finite energy peaks corresponding to higher harmonics of G 0 . For moderate values of the SL amplitude, these peaks become very broad. Well defined collective excitations can thus not be identified, anymore.
We summarise our results in Fig. 10 where we plot the energy of the strongest peak of the q=0 energy loss function as function of V 0 for the quantum non-local, quantum local, and the semiclassical local approximations. In both local approximations, the presence of a SL modulation decreases the energy of the plasmonic excitations and the corresponding electric fields become localised in low density/conductivity regions. On the other hand, the energy of the plasmonic resonance in the non-local approximation is weakly dependent on V 0 and its energy is only slightly lower than the energy of the folded plasmons ω p (G 0 ), Eq. (19) , which can be attributed to non-local effects. The weak dependence of the plasmon peak on V 0 indicates that the electric field of the collective excitation is not confined to spatial regions with low density and the modes, i.e., the sine and cosine folding solutions are hardly modified by the SL perturbation.
VIII. NEUTRAL SECOND SUB-BAND PLASMONS AT THE CENTRE OF THE BRILLOUIN ZONE
Within our formalism, we can also treat the most extreme superlattice, an alternating p-and n-region. In Fig. 11(a) , we plot the energy regions of the modulated system as function of the position for which semi-classically plasmons may exits. In Fig. 11(b) , the energy loss function is plotted for the same SL which consists of two main modes indicated by the red lines. Interestingly, the main broad peak defining the plasmon excitation occurs in an energy window for which the semiclassical approximation predicts the plasmonic electric field should be expelled from large spatial regions.
The nature of the collective interband excitations can be unravelled by analyzing the electric fields corresponding to the two main peaks in the full quantum non-local loss function, see Fig.11 (c). The peaks have the form of a sine and cosine function with half the period compared to the period of the underlying SL. This indicates that plasmons depend only on the absolute values of the density of the carriers, independent of their hole or electron character. The sine-like and cosine-like form of the electric fields reflects that they originate from the folded plasmons of unperturbed graphene with momentum ±2G 0 .
In Fig. 12 , we plot the q=0 energy loss function for a superlattice of period L = 600a for different values of the SL amplitude V 0 . For large values of the modulation V 0 , there exits a peak in the loss function that indicates the existence of well defined plasmons. For small values of V 0 , the peak becomes very broad and a continuous background at high energies appears. The energies corresponding to the peaks of Fig. 12 can well be fitted by Eq. (9) after suitable rescaling which shall be discussed in the following.
For neutral systems with modulation V 0 , the effective Fermi energy is given by E F = 2 π V 0 . Plasmons , we show the energy loss function for q=0 for the same SL parameters as in panel (a). A detailed analysis indicates that the large peak has really a double peak structure with energies E=0.1273eV and E=0.1268eV. Panel (c) shows the real part of the electric fields corresponding to the two strongest folded interband dielectric eigenmodes with q=0.
at the zone-boundary and normalized by the effective Fermi energy thus correspond to
Using Eq. (8), the effective Drude weight is independent of V 0 and we have
where α g ≈ 2.2 denotes graphene's fine-structure. Our numerical results yield two corrections. First, there is a non-local correction coming from the fact that the conductivity has a q-dependence. Since the dispersion is obtained for fixed G 0 , this correction is the same for all V 0 and thus simply leads to a renormalised Drude weight. Second, there is a red-shift originating from the level repulsion that occurs due to the superposition of the two plasmonic branches ω p (±2G 0 ). This level repulsion is proportional to the SL potential V 0 and, therefore, also only leads to a renormalisation of the Drude weight. The plasmonic resonances can thus still be fitted by Eq. (9) . We interpret the decrease of Drude weight as an effective dipole-dipole interaction between the (semiclassically) separate conduction channels similar to the discussion in Ref. 59 
